Introduction
Recent years have witnessed a growing interest in light forces on moving atoms strongly coupled to a cavity light field. Initiated by cavity quantum electrodynamics (cavity-QED) experiments where cold atoms were transferred into a high-finesse optical resonator excited by an external laser [1, 2] , the first analysis of the expected intra-cavity light forces was performed by Doherty et al [3] . The theory was then refined by Ritsch and co-workers [4, 5] , who found analytical expressions for the friction coefficient and the momentum diffusion coefficient for low saturation of the atomic transition. They predicted a novel cavity-mediated friction force, which allows sub-Doppler cooling of a two-level atom. Moreover, they gave a physical explanation in terms of a Sisyphus picture. A novel feature of the mechanism is that cooling does not depend on the spontaneous decay of the atom. Instead, losses from the cavity mode provide the dissipation necessary to remove entropy from the system. In principle, this mechanism may be used to cool a particle without a closed transition, like a molecule [6] . Recently, Vuletić and Chu [7] pointed out that this cavity-mediated cooling can be understood in the frequency domain as coherent scattering, stressing that it can be employed to cool any particle which can be polarized by the light field.
Experimentally, the conservative part of the cavity-QED light force acting on a cold atom inside a cavity was first observed by Hood et al [8] and subsequently used by the same group to 11.2 trap an atom in a light field containing, on average, less than one photon [9] . A more detailed analysis of the intra-cavity forces including the predicted non-conservative Sisyphus mechanism was achieved in an experiment by Münstermann et al [10] . Here, the initial velocity of the atoms was too low to demonstrate cooling, but cavity-meditated heating, caused by the same underlying mechanism as the cooling, was observed. Indirect evidence for the cooling force was obtained in a most recent experiment of the same group where a single atom was trapped in a cavity-QED light field [11, 12] .
For strong coupling, the back-action of an atom on the intra-cavity light field is large. In particular, the motion of an atom induces changes of the amplitude of the light field inside the externally excited cavity. This effect was used to observe the motion of an atom in real time by monitoring the light field transmitted through the strongly coupled atom-cavity system [9, 11] . More important in the present context is that the changing light field also changes the light force on the atom, thereby acting back on its motion.
Within this general context, it is interesting to study the case of several or even many atoms in a single-mode cavity field. Here, the collective response of the atoms to an external driving field can lead to unusual radiation properties like optical bistability [13] and non-classical radiation [14] . However, apart from the work of Grangier and co-workers performed in the regime of weak atom-field coupling [15] , mechanical effects were not generally significant in these experiments. For strong coupling, interesting collective effects in the atomic motion can be expected because each individual atom can directly 'speak' to each other atom in the cavity by exchanging excitation and momentum via the common cavity light field [16] . This leads to long-range forces between the atoms, as has been observed recently in an experiment where the normal modes of the coupled atoms-cavity system were monitored and compared with a theoretical prediction [17] . The comparison was based on analytical expressions for the steadystate dipole force and the diffusion coefficient of an atom in the presence of other atoms. Here we present the full derivation of these expressions and calculate the velocity-dependent force for the many-atoms system, because this force might be a useful tool to cool an ensemble of atoms or molecules [6] .
Our derivations are based on the work of Ritsch and co-workers [4, 5] , and generalize their single-atom expressions to the many-atom case. Our results are more general than those in [6] , where the forces on many atoms in a cavity in the case of negligible excitation of the atoms and a far-detuned pump laser were investigated. In this work, no analytical expression for the velocity-dependent force was given, and momentum diffusion was not considered. But heating via momentum diffusion is important, as it counteracts cooling via the velocity-dependent force.
In the following, we first introduce in section 2 the quantum Langevin equations of motion describing a system of several atoms moving in a high-finesse cavity. In section 3 we compute the steady-state solutions, and in section 4 we derive the equation of motion for the expectation value of the force operator. In section 5 the momentum diffusion coefficient is calculated and in section 6 the velocity-dependent force. We present numerical simulations for atoms moving under the influence of these forces, and, finally, give a conclusion and an outlook in section 7.
Theoretical model
We consider N two-level atoms in an optical cavity supporting a single mode of the electromagnetic field as depicted in figure 1 . The calculation follows the semiclassical model of [5] , where the single-mode cavity field and the internal states of the atoms are treated quantum 11.3 Figure 1 . N atoms moving in a single-mode cavity field with decay rate κ, pumped by an external laser with strength η. The atom j at position r j moves with a velocity v j , and has an atom-field coupling constant of g j = g(r j ).
mechanically, while the atomic motion is treated classically. This is usually a good approximation if the atom's temperature is well above the recoil limit and if the cavity linewidth and the atomic linewidth are large compared to the recoil frequency of the atom. The cavity mode is described by a quantum field with annihilation and creation operators a and a † , respectively. The field inside the cavity decays with a rate κ, which is assumed to be much less than the inverse round trip time of the light in the cavity, and is pumped by an external field with strength η. The jth atom's raising and lowering operators are σ + j and σ − j , respectively. The atomic dipole moments decay with a rate γ, assumed to be the same for every atom. The jth atom is coupled to the mode with the coupling constant g j , which depends on the position r j of the jth atom and is assumed to be a real number.
We will use quantum Langevin equations [18, 19] as the starting point of our calculations. After applying rotating-wave and Markov approximations, the quantum Langevin equations for the operators a and σ
Here ∆ a = ω p − ω a is the detuning between pump and atomic transition, and ∆ c = ω p − ω c is the detuning between pump and cavity resonance.
is the pseudo-spin operator of the jth atom. The operators F j and F cav are noise operators which are time-dependent. They yield zero if applied to a state describing an environment with zero temperature, i.e. all expectation values of normally ordered products of the noise operators vanish †.
Finding an exact solution of these equations is by no means easy. Therefore we will only consider the limit of weak atomic excitation. This limit is reached by restricting ourselves to small values of the pump parameter η. As an approximation, we now replace the Hilbert space of each two-level atom by the Hilbert space of a harmonic oscillator. Before proceeding further, this step requires a few words of warning: first, the approximation will certainly fail if the population of the excited states of the atomic harmonic oscillator is not small. For small η, however, this will not be the case. Second, even for weak excitation, where only leading-order terms in η are † If the reservoir consists of harmonical oscillators, as in the case of the electromagnetic field, and we use the rotating-wave approximation, the noise operators are a linear combination of annihilation operators of the field modes. For a zero-temperature reservoir, these modes are in their ground state, and the annihilation operators yield zero. Thus the noise operators also yield zero when applied to such a state. See also [18, 19] .
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important, the coupled-oscillator model can introduce significant errors when calculating higherorder expectation values. For example, it is clear from our ansatz that we will not reproduce the exact result σ − j σ − j = 0 in our simplified theory. Also, we cannot hope to find correct solutions for the second-order photon correlation function, which involves the operator product a † a † aa. The reason is that here the leading order in η comes from the population of the second excited state of the cavity field. In our model, this two-photon state couples to the second excited state of the atomic harmonic oscillator. The strength of this coupling is given by the g j and thus does not vanish with vanishing pump strength η. As the second excited state of the atom does not exist in the exact theory, the amplitude of the two-photon state will also deviate from the correct result, even in the limit of weak pumping. However, in this paper we will calculate expectation values where the leading-order term in η depends only on the amplitudes of the first excited states of the atomic and cavity harmonic oscillators, respectively. These expectation values will be correct in leading order of η. We may therefore approximate the exact equation of motion (2) byσ
For one atom inside the cavity, this approximation leads to results for the mean intracavity photon number and the force acting on the atom which deviate from the correct result by at most a few per cent, as long as σ
does not exceed a value of 0.1, which is equivalent to σ z,j < −0.8 †. We expect this to hold also in the case of many intra-cavity atoms.
The most inconvenient terms in (1) and (3) are the noise operators F cav and F j , because they depend explicitly on time. To make the calculations more convenient we will separate the noise-operator part of the equations from the rest, by writing the operators as a sum of the operator's expectation value and an additional operator with expectation value zero. In vector notation, we have
As the time derivative commutes with taking the expectation value, the equation of motion for the two terms on the right-hand side of (4) can be obtained from (1) and (3):
(6) † This was checked numerically by a full Monte Carlo simulation for the case of one atom.
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where
Note that the equations for the expectation values a and σ − j do not contain the operatorsã andσ − j , and vice versa, i.e. the equations decouple from each other. The operators with a tilde do not only have an expectation value of zero, but they even yield zero when acting on a state where the reservoir has zero temperature. This is shown in appendix A. Thereforeã
where |Ψ is an arbitrary state of the system combined with a zero-temperature reservoir.
We will assume that the temperature of the reservoir is zero throughout this paper. This property implies that normally ordered operator products factorize, i.e. the expectation value of an operator product is the product of the expectation values of the operators. For example,
where a * denotes the complex conjugate of a . The last three terms on the right-hand side of the second line yield zero because of (8) .
Expectation values of operator products which are not normally ordered can be calculated using the commutator relations in appendix B. Because of (9), we only have to calculate expectation values of single operators in most cases, and can compute the expectation values of operator products directly from the expectation values of the single operators.
Calculation of steady-state properties
We now calculate steady-state solutions of equation (5) . The N + 1 differential equations, (5), can be reduced to just two by multiplying the equations for the σ − j with g j /g eff , where
Summing over these equations results iṅ
Let us now take a closer look at the left-hand side of (12) . The coupling constants g j and thus g eff depend on the geometry of the cavity mode and on the positions of the atoms. We assume that the mode geometry does not change with time. In this case, the total time derivative of the expectation value of (13) can be written as
Here ∇ j denotes the gradient with respect to the position r j of the jth atom. For atoms at rest, i.e. v j = 0 (we will consider only this case for the calculation of the momentum diffusion coefficient in section 5), equation (14) reduces to
Substituting this into (12), we get
Equations (11) and (16) are similar to those for a and σ − in the single-atom case [5] , with the only difference that the single-atom coupling constant g is replaced by the effective coupling g eff of N atoms. As σ − is a linear combination of the σ − j , the factorization of expectation values holds also for normally ordered products of σ − with other operators. The steady state of the expectation values can be obtained by setting the time derivatives in (11) and (16) to zero. The steady-state expectation values are given by
This solution is valid for atoms at rest, i.e. this is the solution of zeroth order in the velocity of the atoms, as indicated by the subscript 0. Inserting equation (17) into (5), one can calculate the steady state of the atomic lowering operators:
With the results of (17) and (20), it is easy to calculate steady-state expectation values in zeroth order in the atomic velocities for combinations of system operators, with the restrictions mentioned when introducing the low-pump approximation. For example, the zeroth-order expectation values for the atomic excitation σ + j σ − j 0 , the intra-cavity photon number a † a 0 and the dipole force F dp,j 0 on the jth atom are
F dp,
Because the operators are in normal order, we have replaced expectation values of operator products by products of expectation values.
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The effective coupling constant of the other atoms has a strong influence on the dipole potential and thus on the dipole force acting on atom j.
For fixed positions of the atoms, all three expectation values divided by η 2 are large if |A| 2 is small. In the strong coupling regime, this is the case for g 2 eff + κγ ≈ ∆ a ∆ c †. This condition determines the frequencies of the normal modes of the coupled atoms-cavity system. For the parameters of our experiment, the expectation value of the intra-cavity photon number is plotted in figure 2 .
The expectation value of the dipole force can be integrated to give a N -particle dipole potential
which depends on the positions of all particles via g eff . Figure 3 gives an example of the dipole potential of one atom in the presence of other atoms. For each atom, the dipole potential strongly depends on the coupling of the other atoms, which shows that one atom influences the light force on the other atoms via the common cavity light field. This can also be seen in figure 4 . Figure 4 . Numerical simulation of the motion of two atoms (yellow and blue for clarity) in the resonator light field based on the equations of motion for the atomsṙ j = v j , mv j = F dp,j 0 + N k=1 F dp,j 1,k + F Diff . The last term, F Diff , models the momentum diffusion by random momentum kicks. For the dipole fluctuation part of the diffusion, we use kicks in every time step with a rectangular distribution chosen such that the resulting diffusion coefficient satisfies (55). To model the spontaneous emission part, we use kicks of magnitudehk, with a rate and an angular distribution to get the same diffusion coefficients as in the example for circularly polarized light after equation (56). The parameters are those of figure 2, with the mode function g(r) = g 0 cos(kz) exp(−(x 2 +y 2 )/w 2 0 ), k = 2π/(780 nm). For a plot of the different force contributions, see figures 3, 5 and 7. The depicted plane is the yz plane. At the beginning, the blue atom is moving slowly, while the yellow one starts with a velocity of 0.3 m s −1 along the cavity axis. It is eventually slowed down by the velocity-dependent forces. The dipole force leads to oscillations in the antinodes of the standing wave. Also, the intensity of the light field changes according to the position of the two atoms, being brightest when both atoms are at an antinode of the field. The total time span covered by the movie is 100 µs.
Equations of motion for expectation values
In this section, the equations of motion for some expectation values in zeroth order of the atomic velocity are stated. These equations serve as a starting point for the calculation of the momentum diffusion coefficient, which involves two-time averages of the force operator, as we will see in section 5. The force operator (23) in turn essentially consists of the operator σ
Before constructing an equation of motion for this operator, we will first consider single lowering and raising operators, and then proceed to products of a raising and a lowering operator. In this way we arrive at a linear set of equations of motion. The linearity is essential for the way we will calculate the momentum diffusion coefficient in section 5.
It is convenient to use real matrices and vectors. We first consider the vector
According to (11) and (16), this vector obeys the equation of motion
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and
Next, we consider the vector
containing the jth atom's lowering and raising operators. From equation (3), we get the equation of motion
We now address the necessary operator products. Defining
where ∆ = ∆ a − ∆ c , one gets
Finally, the first row of the vector
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is the operator we seek. We get
with
Combining equations (27), (31), (37) and (39) into one, we get the following vector equation which contains everything we need:
Q j is a (14 × 14) matrix and U j and L are vectors with 14 entries each. The steady-state expectation values of the operators contained in U j can now also be calculated from
Alternatively, to avoid inverting Q j , one may solve (27), (31), (37) and (39) separately. Note that some equations of motion (equations (27), (37) and (43)) are only valid for atoms at rest, while others (equations (31) and (39)) hold for arbitrary velocities of the atoms. The latter ones do not contain σ− or σ+ , thus the difficulties of (12) and (14) do not appear.
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The momentum diffusion coefficient
Using the results of section 4, we will now calculate system properties which go beyond steadystate expectation values. For example, the calculation of the momentum diffusion coefficient of the jth atom, D j , requires correlations between the force operator at different times. The momentum diffusion coefficient determines the heating rate for the atoms in the light field. We will first calculate the momentum diffusion constant, D dp,j , which is not caused by spontaneous emission. This diffusion enters through the dipole force, F dp,j . In this section, we assume that all atoms are at rest. For moving atoms the result will be modified, but as long as the atoms move slowly (v/λ (κ, γ)), the corrections will be small and can, in most cases, safely be omitted. Therefore we will not calculate them in this paper. With P j denoting the momentum operator of the jth atom, we have for the diffusion matrix
dt[ F dp,j (0) ⊗ F dp,j (t) 0 − F dp,j (0) 0 ⊗ F dp,j (∞) 0 ] (48)
where the symbol ⊗ denotes a tensor product of two vectors. In the second line, we have replaced F dp,j (t) by F dp,j (∞) as we assume that the atoms do not move and that the system is in equilibrium at t = 0. According to equation (23), F dp,j points into the direction of ∇ j g j , which is constant under quasistationary conditions. This leads to a considerable simplification: we choose a coordinate system in which one axis points in the direction of ∇ j g j . Thus, we get a matrix with only one non-zero element, which we will call D dp,j . It can be calculated by 2D dp,j = 2 Re ∞ 0 dt[ F dp,j (0) · F dp,j (t) 0 − F dp,j (0) 0 · F dp,j (∞) 0 ]
where the dot denotes a scalar product of two vectors. To evaluate equation (48), we need an equation of motion for F dp,j . According to (23) , the essential part of F dp,j is the operator a 
We proceed by solving the integral in (50). In order to write the second term of (50) also as an expectation value of an operator product, we use the fact that for long time separations, operators are not correlated, leading to
We now need an equation of motion for the two-time expectation value U j,1 (0)U j,1 (t) 0 . This can be obtained as follows. First, note that the desired value is contained in the vector U j,1 (0)U j (t) 0 . Second, according to the quantum regression theorem, the equation of motion for U j,1 (0)U j (t) 0 is the same as for the single-time expectation value U j (t) 0 alone, given in (43). Therefore, from equation (43),
where L and Q j are defined in (45) and (46). Integrating this equation over time yields
To replace L in the equation, we note that the system reaches a steady state for t → ∞ and L does not depend on time, therefore L = −Q j U j,1 (0)U j (∞) 0 . To simplify the left-hand side of (53), we use again the fact that operators are not correlated for long times and that the atoms do not move, therefore we can rewrite
As the system is already in equilibrium for t = 0, this equals U j,1 (0) 0 U j (0) 0 . Inserting this into (53) and multiplying by Q
The expectation values on the right-hand side of (54) can be calculated using (17), (18) and (20) . Only operator products which are not normally ordered contribute to the inhomogeneity. We insert the result into (50) and obtain the dipole fluctuation part of the diffusion coefficient for atom j as
As explained above, this part of the diffusion only acts in the direction of ∇ j g j , i.e. only the momentum component in the direction of ∇ j g j is affected. Note that, as for single atoms, this expression is different from that for momentum diffusion in a free-space standing wave, which lacks the second term in the brackets [5] . This term vanishes in the bad-cavity limit, κ → ∞. We emphasize, however, that the second term may be quite large. For example, in the limit of ∆ a (κ, γ, ∆ c ) and close to a normal-mode resonance, the second term equals 4g 2 j /(κγ), which is much larger than one in the strong-coupling regime. This means that for parameters considered interesting for cavity-mediated cooling, the new cavity term can be important.
Next, we consider momentum diffusion due to spontaneous emission events. They stem from the coupling of the atom to radiation modes other than that supported by the cavity. The diffusion coefficient, D se,j , due to spontaneous emission can be calculated as in [5] . D se,j is the sum of the diagonal elements of the diffusion matrix and is, in our case, given by
This diffusion is three-dimensional, i.e. it affects all components of the momentum vector. The distribution on the different directions depends upon the polarization of the light. For example, for circularly polarized light, in a coordinate system where the z-axis is the propagation direction of the light inside the cavity, the diagonal elements of the diffusion matrix are
D se,j , and the off-diagonal elements are zero. In other words, two-fifths of the diffusion due to spontaneous emission affects the momentum component which is parallel to the propagation direction of the light, while the two perpendicular momentum components receive three-tenths of the diffusion each.
The total heating rate is given by the total diffusion coefficient D j , which is the sum of D se,j and D dp,j . A plot of the total diffusion coefficient is shown in figure 5 . The effects of momentum diffusion are also visible in figure 6 . 
The velocity-dependent force
So far, we have only considered atoms at rest. If the atoms move, the system is not in equilibrium because of its finite response time determined by κ and γ. This leads to a non-conservative contribution to the total force on each atom. If the velocities of the atoms are small, i.e. if v/λ (κ, γ), we can expand the expectation value of each operator in the velocities of all atoms, and keep only the linear terms. Of special interest is the expansion of the expectation values a and σ − j , because other expectation values can then be calculated using the factorization of expectation values. We have
11.15 Figure 6 . A second simulation of the motion of two atoms in the resonator light field. The parameters are those of figure 4 . The view in the left panel is as in figure 4 . The right panel shows the Gaussian-shaped cavity mode head-on, as if one would look through one of the mirrors. Initially, only one atom is in the cavity mode, while the other atom's coupling is small. Light forces on both atoms are small as long as the second atom is weakly coupled, as the first atom does not provide a sufficiently large g eff to reach an appreciable photon number in the cavity. When the second atom has a sufficient coupling strength, the photon number in the cavity increases to a maximum of a † a ≈ 1, which also leads to a dramatic increase of the light forces. Sometimes, the atoms cooled by the velocity-dependent force oscillate in an antinode of the field, while at other times they are heated out of the potential wells by momentum diffusion, flying over several antinodes of the field. This movie covers 400 µs of simulated time.
where the subscript 0 again denotes zeroth order in the velocity of all atoms, while the subscript (1, k) indicates the expectation value of first order in the velocity v k of the kth atom, and zeroth order in the velocities of the other atoms. The zeroth-order terms have already been calculated, in (17) and (20) . For the calculation of the first-order terms of a and σ − j we use the vector notation of section 4. We have to calculate I 1,k and W j 1,k . We start by writing
To get the first order in the velocity v k of W j we substitute (31) for Ẇ j and consider only first-order terms in the velocity v k . We assume that there is no explicit time dependence in the system and set (∂/∂t) W j = 0. After multiplying the resulting equation with D −1 , we get
To calculate the first-order expectation value of I, we have to remember that (27) is only valid for atoms at rest. For moving atoms, we can construct an equation of motion for I from (11) and (12) which is valid for atoms with arbitrary velocities:
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and C and K are defined as in (28) From (58), we proceed as with (59) and get
Here we have left out most of the summands in the last term of (61), namely the K j with j = k, because they are of first or higher order in the velocity v j . We have also discarded the second-last term in (61), K, as it is of zeroth order in v k . In principle, we must retain K k as an inhomogenity because it can have a component which is of first order in v k and zeroth order in v j with j = k. However, by putting the results of (18) and (20) into (62), we find that
That is, the additional term K k has no effect on the part of the velocity-dependent force which is linear in the velocity of the atom K. We emphasize that this result depends strongly on the form of the steady-state expectation values. If the atom k moves, it changes g k as well as g eff , and these changes balance each other because of the form of the zeroth-order expectation values, equations (18) and (20) . We do not expect this result to hold for arbitrary atomic velocities, where one has to take into account higher orders in the velocities of the atoms. Solving (63) and then (60) yields for the first-order expectation values a 1,k and σ
We then have for the expectation value of the force operator F dp,j = F dp,j 0 + N k=1 F dp,j 1,
Using the results (65) and (66), this yields after some algebra
where The parameters and mode function are the same as in figure 5 . It is assumed that only atom j is moving, and that the velocity v j is parallel to the wavevector k, leading to a velocity-dependent force which is (anti)parallel to v j . In the red regions the velocity-dependent force is heating, while in the blue region there is cooling. The numbers on the lines indicate the values of F dp,j 1,j · v j /(hk|v j | 2 ) in units of 10 6 m −1 . For the parameters used here, and in the case of two atoms (as in figures 4 and 6), the velocity-dependent force is always cooling. 
Note that F dp,j 1,k always points in the direction of ∇ j g j . A plot of the velocity-dependent force is presented in figure 7 ; the effects of the friction force can also be seen in figures 4 and 6. In order to explain the physical origin of the different terms, equations (69) and (70), let us now briefly analyse the friction force on atom j if atom k moves. Through its motion, atom k changes its own coupling g k as well as the effective coupling g eff . Hence, it is convenient to 11.18 discuss the effects of the changes of those coupling coefficients separately by considering only the change in one coupling coefficient at a time, keeping the other formally constant.
The change in g k leads to a non-equilibrium state of the operator σ − k , which gives a friction force on atom k. As we are interested in atom j, this is a force on atom j only if j = k. This part of the friction force is described by F gj , and gives the Doppler force on an atom moving in a time-independent light field with photon number a † a 0 . This force would also appear in free space.
On the other hand, the change in g eff leads to a non-equilibrium value of the operator a. As the atomic operators adjust themselves to the light field, they also are not in an equilibrium state. These non-equilibrium states give the second part of the friction force, F g eff . This is a genuine cavity effect, because in free space the light field is not much affected by atomic motion.
Note that the separation of the friction force, F dp,j 1,k , into the two contributions F gj and F g eff , is not the same as the separation in the work of Hechenblaikner et al [5] . For the singleatom case, they find that the friction force is the sum of two terms, F ca and F at , obtained by adiabatic elimination of the atomic operator, σ − , and the cavity-field operator, a, respectively. At first sight, one might think that their F at and our F gj describe the same part of the friction force in the single-atom case, as they both give, in some sense, the 'atomic' part of the friction force. However, they are actually not the same, because the adiabatic elimination of the field operator, a, employed to derive F at means that a adjusts itself immediately upon any change of the coupling constant, g eff , while F gj describes the force on an atom in a constant light field. Of course, in the special case of one atom, i.e. g j = g eff and j = k, the total velocity-dependent force, equation (68), is exactly the velocity-dependent force calculated in [5] .
Conclusion and outlook
We have calculated the light forces acting upon two-level atoms in a high-finesse resonator in the limit of weak atomic excitation. By introducing the effective coupling coefficient of the whole ensemble, g eff , analytic expressions for all relevant forces were obtained. Numerical simulations were presented for the two-atom case. With these results, we have laid the foundation for addressing more specific questions involving many atoms in a cavity.
The cavity-mediated cooling mechanism allows one to reach sub-Doppler temperatures [5] even for an ensemble of atoms. Although other sub-Doppler laser cooling schemes like polarization gradient cooling for atoms are easier to implement, cavity-mediated cooling might have advantages. First, it works for two-level atoms. Second, the cooling mechanism should also work for particles without a closed transition [7] , such as, for example, atoms with a complicated level structure or molecules. Another interesting property of the atoms-cavity system is that the atoms do influence each other, which could lead to correlations in the atomic motion. One could also observe the ensemble via the light transmitted through the cavity and apply active feed-back, for example, by changing the intensity or the frequency of the pump light in dependence of the transmitted intensity. This might enhance the cavity-mediated cooling mechanism and/or change possible correlations between the atoms.
In the future it could also be worthwhile to consider the case of more than one atom in a cavity with an additional far-off resonant trap (for a single atom, see [20, 21] ), or to extend the treatment to more saturated atoms [22] or to quantized atomic motion [23, 24] . We emphasize that calculations can also be done by numerically integrating the equations of motion using a quantum Monte Carlo method [9, 11, 25] . For more than two or three atoms, however, this 11.19 method leads to very long simulation times, because the dimension of the Hilbert space increases exponentially with the number of atoms. The same problem arises when using a Monte Carlo approach for wave-packet dynamics. It is here that the present work finds its application, as it allows fast calculation of reasonably large ensembles of particles. One can expect that even in cases where the weak pump approximation is not well justified, it will still provide at least insights on parameter dependences.
